For a shift σ on the hyperfinite II i factor R, we define the derived shift Ooo to be the restriction of σ to the von Neumann algebra generated by the (σ k (R))' ΠR. Outer conjugacy of shifts implies conjugacy of derived shifts. In the case of n-shifts with n prime, we calculate Ooo explicitly. Combining this with the known classification of nshifts up to conjugacy, we obtain useful outer-conjugacy invariants for n -shifts.
Definition and properties of σoo As in
, a shift σ on a von Neumann algebra M is defined to be a unital *-endomorphism of M such that Π£Li o k {M) = C. Two shifts o\ and 02, on M\ and M 2 respectively, are said to be conjugate when there exists a *-isomorρhism φ of M 2 onto M\ such that σi o </ > = 0 o σ 2 , and outer conjugate when there exists a unitary u in Afi such that (adu)oσ\ and σ 2 are conjugate.
Let σ be a shift on M. Define Proof. Evidently if σ x and σ 2 are conjugate then so are (σi)oo and (02)00. Hence given that σ x and σ 2 are outer conjugate we may assume without loss of generality that M x = M 2 -M and that σ 2 = (Adw)oσ\ for some unitary w in M. Set w x = w and for k = 2,3,... set w k = wσ x (w)σf (w) σ k~x (w) . Then we can see that:
( 
Hence the isomorphisms Ad^^ are compatible with the inclusions M^ c M^l χ and M^ c M^χ\ the following diagram is commutative:
Adii; ft Thus there exists a unique *-isomorphism 0 from the C*-algebra generated by the M^ onto the C*-algebra generated by the M^ such that
Because Ad w k preserves the trace τ on M, so does φ. Hence φ extends to an isomorphism φ of von Neumann algebras from (Afi)oo onto
Finally we check that φ o (σi)oo = (σ2)oo ° Φ For x e M^: (a(k) ) keZ such that a(k) = 0 for all but finitely many k (see §2 for details). Corollary 1.3 applied in this case demonstrates a conjecture of [3] . EXAMPLE 2. Let a be the canonical shift of the hyperfinite IIi -factor R realized as the von Neumann algebra of the GNS-representation associated with the unique tracial state on a UHF-algebra of type n°°. 
There is a trace on R for which the conditional expectation E n onto the *-algebra generated by p\,. ..,p n and 1 satisfies: E n (p n +\) = τ. Let σ be the shift σ(p, ) = /?/+i (see [4] and [1, §5] Proof. By Lemma 1.6 and Theorem 1.2, it suffices to display a shift σ on R which is not a group shift and for which GQO = σ. In Example 3 above, take τ = \jp where p is a prime > 4. Then σ^ = a and σ is not conjugate to a group shift by Proposition 5.4 of [1].
Proof. Let
2. n-shifts on the hyperfinite factor: calculation of σoo. Fix an integer n>2. For the main results of this section n will be assumed prime. Fix γ = exp(2π//n).
An n-shift σ on the hyperfinite factor R may be characterized (see [1] , [7] , [2] ) by the existence of a unitary u in R such that:
(ii) R is generated by the σ k (u) for k = 0,1,2,..., and (iii) u and σ k {u) commute up to scalars:
We write:
The sequence {a(k)) is odd and fails to be periodic mod/? for every prime p dividing n\ furthermore all such sequences occur as the determining sequence of an «-shift σ on R (see [1] ). When n is square-free, two sequences (a\(k)) and (^(A:)) determine conjugate shifts if and only if there is an m E Z n such that α2(fc) = m 2 (a\(k)) for all k (see [1] ).
Here we are concerned with the calculation of σ^ and R^. σ is a group shift σ (G,s,p) with G = 0£Lo(^«)^> ^ t ' ie canonical shift 5: β£ -• e k+x on G, and p(ej Λ ^) = γ a< < k~^ for 7, A: = 0,1,2, From Lemma 1.6 we know that a^ is a group shift, namely σ(Z)oo, £, p) where 
Goo is not always an ra-shift (see Example 7 at the end of §2). If, however, n is a prime, then Ooo is an rc-shift. Theorem 2.1 summarizes the calculation of Ooo in this case. 
DONALD BURES AND HONG-SHENG YIN
As in the proof of Lemma 3.4 of [1] , that implies periodicity of a(k)
To prove the opposite inequality use a(k + T) = a{k) for all k > k 0 . Combining that with Σf =0 Vjd(k-j) = 0foτk large enough we obtain Σf=o Vjd{k -j) = 0 for all k such that k -L > k 0 or k > k 0 + L. That shows v is in D ko+L and therefore that ko + L > q 0 .
(vii) q 0 is the smallest integer such that, for all k > q 0 , p(v/\e k ) = 1. This is equivalent to
7=0 7=0
Hence q$ is the smallest integer such that ϋ _L A k~L for all k > #o, and Then (b(k)) is not periodic; therefore i?^ is a factor and is in fact isomorphic to R by [1] . This also proves (iii).
. ,-^r Taking a suitable linear combination of the ΰ(fc) we can find a vector £ of the form [g n gr-i,---,g\>go>Q,>->Q]-
( EXAMPLES. In each case we specify σ by giving the determining sequence (α(fc))kez : we write a = a(0),a(l),a(2) Similarly we specify σoo by giving its determining sequence (b(k)). n can be taken to be an arbitrary prime with the noted exceptions: it is understood that integers are to be reduced mod«. The first repeating period is underlined.
1. a = 0,I,U,l, ... In the calculation of 63 we use the fact that multiplying a determining sequence by a square does not change its conjugacy class (see 7. α = 0,3,0,0,..., 0,6,18,... for n φ 3, N arbitrary > 3 where α(0) = 0, α(l) = 3, a(k) = 0 for 2 < fc < N -1, and for k> N:
Then (2.1) holds for all k > 2 but not for k = 1 since 2 E/LI-TV α (0 = 2α(-1) = -6 and n Φ 3. Hence α(/c) is not periodic, but is ultimately periodic commencing with k$ = -N + 2. A minimal υ in D^ is given
Therefore L = N and qo = 2. A direct calculation of £(1) gives 9 = 3 2 so 6 = 0,1,0,0,0,... . 8. A 4-shift σ on R such that σoo is not an m-shift for any m:
Since (α(fc)) fails to be periodic mod 2 the factor condition is satisfied and σ is a shift on R by It is easy to check that this is impossible. It is also easy to check that p is non-degenerate on Doo so that i?oo is a factor.
Outer conjugacies.
Given an Λz-shift σ with determining sequence (a(k)) we give one method for calculating determining sequences of -shifts outer conjugate to σ. Although this method produces some interesting examples we are unable to exploit it to the extent of showing when σ and σ^ are outer conjugate in general.
A basic lemma from operator theory follows. Proof. Suppose first that n is odd. Let T n = {λ e C\λ n = 1}. It suffices to produce a function /: T n -» T n such that (3.1) f ( To show that a function / satisfying (3.1) exists, let
We confirm that (3.2) holds for s = n also, since (n-l)/2 is an integer, and then easily check that / satisfies (3.1). Suppose now that n is even. (Then of course a function / satisfying (3.1) cannot exist.) Let δ = exp(τπ» and define f(γ s ) = <y*y[Φ-i)/2] for s = 0,1,..., n -1. Then /(yz) = Szf(z) for all z eT n and, as in the case when rc is odd, y = f(u) has the required properties. COROLLARY 3.2. Suppose that σ is an n-shift on M, σ = σ (G,s,p) where G = 0£Lo(Z«) ( 
Suppose that g(l)
, g (2),..., g(m) are in G and let φ be sequence (b(k) ) of an n-shift σ' on R which is outer conjugate to σ.
Proof. We may assume that σ = σ (G,s, p) and that R = W* (G, p) . Let y -y^(i)y^ (2) REMARKS. Given a shift σ of forms (c), (d) or (e) for example, the calculation of σ^ or q 0 by the methods of §2 might be very difficult even for one prime n. There are, however, shifts which have derived shift OQ which are not obviously outer conjugate to σ (see Example 7 of §2).
2. Take 
